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1 Introduction 


To the best of our current knowledge, the universe exists as quantized excitations of a fiber 
bundle. The base space of this fiber bundle is our four-dimensional spacetime manifold, while 
the fibers over spacetime are Lie group manifolds and representation spaces. Elementary 
particles are quantized excitations of three kinds of fields over spacetime: 1-forms, scalars, 
and fermions (anti-commuting Grassmann number fields), each valued in their corresponding 
fiber. Among these fields, the spacetime frame 1-form determines spatial lengths and temporal 
durations in spacetime and is valued in the vector representation space of the Spin( 1,3) Lie 
group of the gravitational spin connection. The curvature of this spin connection is the pseudo- 
Riemannian spacetime curvature, with dynamics governed by General Relativity. The Higgs 
scalar field and all fermions are valued in fundamental representation spaces of the Standard 
Model Lie group, U{ 1) X SU( 2) X SU( 3) / Zg, with the fermions also spinors under Spin( 1, 3). 
The spin connection and Standard Model gauge fields correspond to connection 1-forms over 
their respective principal fiber bundles and necessitate the existence of anti-commuting BRST 
ghost fields valued in the same Lie algebra. Considered as a whole, our universe is the 
total space manifold consisting of base spacetime and all these fibers together, with field 
configurations corresponding to sections of and over this bundle, its geometry described by 
curvature, and dynamics prescribed by Quantum Field Theory. 

Why? Why do precisely these structures exist? Why this specific interplay of base man¬ 
ifold, frame, Lie groups, Grassmann numbers, scalars, representation space fibers, sections, 
connections, and ghosts? Is our universe fundamentally a mess, or is there some simple and 
natural structure that all this could emerge from, or be parts of? One approach to answering 
these questions is String Theory (or, more generally, M-Theory), but string unification models 
have grown excessively in complexity while producing zero predictive progress. After several 
decades of extensive theoretical exploration leading nowhere, it is time to consider that the 
string program may have been a wrong turn. If we backtrack, imagining String Theory never 
happened, we can go in a new direction, building on the success of Grand Unified Theories 
and recent progress in Loop Quantum Gravity. The structures of GUTs and LQG rely heavily 
on Lie groups and are remarkably compatible. By considering the known Lie groups and fields 
of physics as parts of a larger geometric whole, we move towards Lie group unification. 

Grand Unified Theories are elegant and successful. They embed the Standard Model Lie 
group, U( 1) x SU( 2) x SU( 3) /Zg, inside larger groups, such as Spin{ 10), with Higgs and 
fermion multiplets in various representation spaces [1]. The principal geometric structure of 
a unified gauge theory is an Ehresmann connection, a Lie algebra valued 1-form over the 
total space of the fiber bundle, with the Yang-Mills action (including a metric-dependent 
Hodge dual) and quantum description following from renormalizable Quantum Field Theory, 
and spacetime corresponding to the sheaf of gauge-related sections over a four-dimensional 
base. In a similar spirit, MacDowell and Mansouri [2] proposed a description of gravity as 
a Spm(l,4) gauge theory, with the Spm(l,4) connection (over a fourteen-dimensional total 
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space) breaking into a Spin{ 1, 3) connection and a gravitational frame over a four-dimensional 
base. (The gravitational spin connection is the fundamental field in most modern approaches 
to quantum gravity.) Although the MacDowell-Mansouri model is algebraically consistent, 
it has several problems. From a viewpoint of efficiency, the fourteen dimensions of the total 
space seems unnecessarily large for a description of gravity. Also, it is awkward to describe 
matter within the MacDowell-Mansouri framework, which does not naturally have a Hodge 
duality operator. Crucially, in the MacDowell-Mansouri model and related gauge theories, 
there is no reason why part of the Spin{l,4) connection should relate to spatial lengths and 
temporal durations in the base space. There is no natural direct relationship between the 
frame part of the Lie algebra and motion in the base manifold. 

The ontological problems with the MacDowell-Mansouri model are challenging, but there 
is a structurally different geometric picture in which all of these problems are solved. By 
allowing the ten-dimensional Spin{ 1,4) Lie group to deform while maintaining the rigidity 
of its Spin{\,3) subgroup, we get a succinct description of gravity as Cartan geometry [3- 
5]. The four-dimensional coset representative of the coset Spin(l, 4)/Spin(l, 3) embedded in 
Spin{ 1,4) may be identified as de Sitter spacetime (half of de Sitter space, dSI'Lf)- In the 
deforming (or “excited”) Lie group, Spin{ 1, 4), the embedded four-dimensional coset represen¬ 
tative subspace, and the sheaf of equivalent subspaces related by Spin{ 1,3) transformations, 
are allowed to become wavy. This is described by Spin{ l,4)’s natural Maurer-Cartan form 
deforming and becoming a Cartan connection, consisting of the Spin( 1,3) connection and 
gravitational frame for the embedded wavy spacetime. In this Cartan geometry, the ten¬ 
dimensional deforming Lie group is lower-dimensional than the fourteen-dimensional total 
space of the MacDowell-Mansiouri model. And, most importantly, the frame part of the 
Spin( 1,4) connection is now naturally the gravitational frame on spacetime; it is the frame 
on spacetime embedded in the deforming Lie group. This deforming Lie group geometry pro¬ 
vides a Hodge duality operator, with a Yang-Mills action describing the dynamics of gravity 
and matter. Cartan geometry is a very efficient geometric picture, with spacetime and all its 
structure emerging from a single deforming Lie group. 

Given the success of Spin{ 10) Grand Unification for the Standard Model, and of Car¬ 
tan geometry for gravity, it is natural to consider the further unification of gauge theory 
and the gravitational spin connection as parts of a Spin( 11,3) connection [6, 7]. However, 
in the context of Cartan geometry, we immediately encounter the difficulty that the quo¬ 
tient space, Spin(ll, 3)/(Spin(l, 3) x Spin{ 10)/Z2), of the relevant Cartan geometry is forty¬ 
dimensional—intractably large as a model for spacetime. For large Lie groups, conventional 
Cartan geometry produces spacetimes that are unrealistically high-dimensional. A general¬ 
ization of Cartan geometry is needed. 

From the perspective of Lie group deformations, we can consider what happens when 
a Spin(l,4:) subgroup of a larger Lie group, such as Spin( 12,4), deforms, and how that is 
described, with four-dimensional embedded spacetime. The generalized Cartan connection of 
such a large, deforming Lie group can include precisely the gauge, spin connection, Higgs, and 
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gravitational frame parts we need. Also, the Yang-Mills action for this generalized Cartan 
connection, integrated over the entire deforming Lie group, naturally reduces to a desirable 
action over four-dimensional spacetime. 

With Standard Model and gravitational bosons described as parts of a generalized Car- 
tan connection, one must wonder what is the best possible way to describe fermions. The 
conventional description of fermions would be to presume their existence a priori, as separate 
multiplets of anti-commuting (“fermionic,” Grassmann number) fields valued in the spinor 
representation space of the relevant spin group. That would certainly work, but it does not 
seem geometrically well justified. A slightly better description of fermions is as 1-forms on the 
space of connections. This approach is familiar from geometric descriptions of BRST ghosts, 
and is fairly promising. For that to work, with a connection valued in the Lie algebra of 
the relevant group, the fermions would also necessarily be valued in part of that Lie algebra, 
which, since they are spinors, requires that any simple unification group be an exceptional Lie 
group. Another possible description of fermions, even more geometric but less conventional, 
is to consider them as 1-forms in the Lie group, orthogonal to embedded spacetime. In this 
description, the extended generalized Cartan connection is a superconnection, a Lie algebra 
valued 1-form over the deforming Lie group, consisting of a bosonic part (spacetime 1-form) 
plus a fermionic part (1-form orthogonal to spacetime). The most natural possible action 
for this geometry is the extended Yang-Mills action for the superconnection over the entire 
deforming Lie group, producing a second-order action for the fermions. 

If we adopt this unified description of bosons and fermions, the most natural finite¬ 
dimensional simple Lie group candidates for a complete unification are the complex, split, 
or quaternionic real forms of the largest simple exceptional group, Eg [8, 9]. But there are 
known problems with this theory as it was previously proposed. In Eg unification, once a 
specific Spin( 1, 3) subgroup is chosen for gravity, there are not three generations of fermionic 
spinors. (This issue was discussed in the original proposal [8], and while some consider it a 
terminal flaw [10], we are here reframing the geometry in a way that solves this problem.) In 
the original proposal it was suggested that the triality automorphism of Eg might relate three 
different Spin{\, 3)’s and three separate sets of fermions, each of which would be a different 
Standard Model generation with respect to its corresponding gravitational Spin( 1,3). While 
that suggestion did not make perfect sense within the geometric context of that E% principal 
bundle model, it does make sense within our extended generalized Cartan geometry, in which 
there are three sheaves of triality-related spacetimes embedded in deforming Eg, each with a 
different corresponding Spin{ 1,3) subgroup and associated generation of fermions. With our 
physical spacetime a superposition of these three triality-related spacetimes, we have three 
generations of fermions mixing and interacting with the Higgs fields to get their masses. 

The purpose of this work is not to provide a detailed derivation of all Standard Model 
properties, but to lay the geometric foundation of a theory from which these properties might 
be derived, clarifying the model proposed in [8]. In developing this minimal, unified de¬ 
scription of all fundamental fields, we use elementary structures of differential geometry and 
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group theory. Although the language employed is mathematically antiquated—perhaps more 
familiar to mathematicians of the early twentieth century than the twenty-first—it was this 
mathematical context from which the structures of Quantum Field Theory were born, and it 
is arguably still the best in which to describe them. We also rely on the philosophy of natu¬ 
ralness in differential geometry: Everything should be describable using primitive geometric 
elements, such as vector fields and forms on manifolds. Further, since our goal is to describe 
structures in physics usually expressed in local coordinates, we employ such descriptions here, 
for familiarity and concreteness. We begin with a casual description of the geometry of Lie 
groups, principal bundles, and General Relativity, before proceeding to a description of Cartan 
geometry, its generalization, and some new ideas. An advanced reader wishing to avoid peda¬ 
gogy and get to the heart of the proposal may wish to skip ahead to the two-page Summary, 

517. 


2 Lie group geometry 


A Lie group has elements, g(x ) £ G, corresponding to points, x, of an n-dimensional manifold 
identified with G, having patches with local coordinates, x l . This manifold has a specific 
geometric structure corresponding to the Lie group product. The right action of any group 
element, h, on all other elements of the group via the group product provides a diffeomorphism, 
4>h : G —> G, of the group manifold, 

R h g = gh = g(cj>h(x)) (2.1) 

Group elements, typically of a matrix Lie group, near the identity, 

h = e tvATA ~ 1 + tv A T A 

may be specified by exponentiating matrix Lie algebra elements, v = v a Ta £ Lie(G), times a 
small parameter, t. The n Lie algebra basis generators , T 4 , represented by matrices, span the 
n-dimensional vector space corresponding to small departures from the identity point. The 
right action of such group elements, h, on G corresponds to a flow diffeomorphism, 

^(xJ-^ + tu^VOc) 

moving every point, g(x), of G along a vector held, v a £a, determined by ( 2 . 1 ) for small t, 

g + t v A g T A — g +1 v A £ A l dig{x) 


So, for each of the Lie algebra basis generators, Ta, there is a corresponding how vector held, 
£a(x), acting via the Lie derivative, such that 1 


g Ta = C^ A g = £ A dg = £,A l dig(x ) 


( 2 . 2 ) 


1 In our vector-form notation, forms are underlined according to grade and presumed wedged, and vectors 
act on forms to their right, 

vuw — ( vu)u> — u(vw) — ivu A w 
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Using this defining equation, the Lie derivative between generator vector fields is seen to be 
equivalent to the commutator bracket between Lie algebra generators, with the same structure 
constants, 

[£a, £,b\c = = - ZbOZa = Cab°£,c 

[Ta, Tb\ = T a T b - T b Ta = Cab°Tc 

The generator vector field component matrix, £, 4 *, may be inverted, finding £i A such that 
£,A l £i B = ^a- corresponding to a set of 1-forms, £ A = dx l ^i A . Multiplying these by the Lie 
algebra basis generators and using (2.2), we find the Maurer-Cartan form over the Lie group 
manifold , 2 

0 = f A T A = g~dg (2.3) 

The Maurer-Cartan form, considered as a Lie algebra-valued connection, encodes the local 
geometry of the Lie group manifold. Its curvature vanishes , 3 

F = dQ + QQ = d ( g~dg) + g~ (dg) g~dg = 0 (2.4) 

implying that Lie groups are, in this sense, perfectly symmetric. 

The tangent space at every Lie group manifold point is spanned by the generator vector 
fields, £a(%), a t that point. Since, algebraically, the Lie derivative between these vector fields 
is the same as the commutator bracket between corresponding matrix Lie algebra generators, 
it is useful to consider the Lie algebra as the model tangent space (also known as the “internal 
space” or “fake tangent space” 4 ), with the correspondence between tangent vectors at any point 
and vectors in the model tangent space determined by the Maurer-Cartan form, £ 4 © = Ta- 
One often thinks of generator vector fields as Lie algebra generators, £4 ~ Ta, but Lie algebra 
generators should not always be thought of as identical to generator vector fields. Rather, the 
Lie algebra, as the model tangent space, can be thought of as the “rest frame,” with the map of 
tangent vectors into this rest frame specified by the Maurer-Cartan form, thereby describing 
the local geometry of the Lie group manifold. 

We may use the Lie bracket to build a natural bilinear form for the Lie algebra, the Killing 
form, 

(A,B) = Tr c [[A,[B,C]\ 

2 We use a shorthand notation for inverses, 

9~ = g _1 

3 The product of 1-forms here equates to half their Lie bracket, 

0 0 =f, A i B T A T B = [Ta, T b ] = \j A f B C AB C T c = 4 [0,0] 

4 The name “fake tangent bundle” was introduced casually by John Baez in TWF176, and used in [11]. 
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This produces a natural metric (also referred to as the Killing form) for the Lie algebra (the 
model tangent space) from the structure constants, 

n AB = (Ta,Tb) = Cac D Cbd C (2.5) 

which, for semisimple Lie algebras and a nice choice of generators, can consist of +1 or — 1 
entries on the diagonal. In practice, when working with a specific matrix group representation 
and coordinatization, for a semisimple Lie group, the Maurer-Cartan form components can 
be computed via 

6 i A = ( n AB T B ,g~dig(x )) 

using (2.3) and the inverse of the Killing form, n AB . 

When the Killing form is nondegenerate, these Maurer-Cartan form components can be 
used to provide a pseudo-Riemannian metric over the Lie group manifold, 

9ij = uab ij B (2.6) 

With respect to this metric, the generator vector fields, £, 4 , are both a vielbein and a set of n 
Killing vector fields, corresponding to symmetries of the Lie group manifold. A Killing vector 
field , £, satisfies a version of Killing’s equation, 

= B c B f 

in which Bq B , possibly position dependent, must be a rotation, Bq B = — B B c , of the frame, 
£ b , so that the metric is invariant under the flow of £. Using the definition of the Lie derivative 
and the vanishing curvature of the Maurer-Cartan form (2.4), Killing’s equation for a generator 
vector fields is 


= Udf) +d{fiA^ B ) = tA(-\i D i C C D c B ) = -Cac B C° 
with Cac B = ~Ca B c- 

Another n Killing vectors, XA, correspond to the left (rather than right) action of the Lie 
algebra generators, 

Ta9 = £-x A 9 = XAdg = xa dig{x) (2.7) 

and relate to the other generator vector fields by a rotation, xa = La B £b , with 

La B (x ) = x A f = XA (T B ,g-dg) = (T B , g~T A g) (2.8) 

These vector fields are also Killing with respect to the Maurer-Cartan form components, 
C-XAf = XA(df) + d(xAt B ) = t C L A D C C D B + dL A B = o 
and their mutual Lie derivatives produce the “wrong” sign, [xa- Xb\c = ~Cab C XC- 
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The Maurer-Cartan form may be used to define the Haar measure for integration of 
functions over the Lie group manifold, 

-L 

producing, for example, the Lie group volume, V = f G dPx. The Maurer-Cartan form and 
Killing form also allow us to define a Hodge duality operator, *, for forms over G. 

There is a fundamental structure distinguishing a Lie group from an arbitrary manifold: 
Points of a Lie group correspond to manifold autodiffeomorphisms, via the left and right 
group product. Points near the identity correspond to flow diffeomorphisms, described by 
vector fields over the manifold, represented by matrix Lie algebraic generators. The geometric 
relationship between these flow vector fields corresponds to their mutual Lie derivative and 
to the commutator bracket between corresponding generators. The Maurer-Cartan form, a 
natural construct arising from these group product diffeomorphisms, describes how tangent 
vectors anywhere on the manifold correspond to flow vector fields and Lie algebra elements. 

From a geometric perspective, every point on a Lie group manifold looks the same, with 
flow vector fields in all directions, corresponding to generator vectors in the model tangent 
space, with Lie derivatives between flow vector fields having the same structure at each point. 
For a Lie group manifold, Q, unlike for a Lie group, G, there is nothing special about the 
identity point. What we have been calling a “Lie group manifold,” which is also called a 
“torsor,” “G-torsor,” or “principal homogeneous space,” is a Lie group that has forgotten where 
its identity point is. An n-dimensional Lie group manifold, with a specific topology and 
its natural Maurer-Cartan form, has the same local geometry and global topology as the 
corresponding Lie group. Physicists often fail to draw a distinction between a Lie group 
and the corresponding Lie group manifold, and this distinction can usually be surmised from 
context. For example, a Lie group manifold serves as the typical fiber when constructing a 
principal fiber bundle. 

3 Fiber bundles with connections 

All fundamental fields of physics—the scalar Higgs held, electroweak and strong gauge fields, 
gravitational spin connection and frame, all fermions, and ghosts—are conventionally de¬ 
scribed as connections on or sections of a fiber bundle. Geometrically, a fiber bundle consists 
of a base manifold, M, usually considered as our spacetime, with a copy of a typical fiber, F, 
over each point. The base and fibers combined constitute the total space (or “entire space”) 
manifold, E, with a defining map, it : E —> M, projecting to the base. The defining map de¬ 
termines a fiber submanifold of E over each point of M. We can cover the base with patches, 
U a , such that the patches of the total space over these are a direct product with the typical 
fiber space, Eu a ~ U a x F, with coordinates, (x, y), of points in Ejj a corresponding to x in U a 
of M and y in F. Fibers over overlapping patches of the base are stitched together using some 


d n x |f | f(x) (2.9) 




action of the structure group, G, on the fiber. Each different kind of field in physics corre¬ 
sponds to a different typical fiber, each fiber a representation space of a Lie group. A specific 
field configuration, 4> a (x), valued in a fiber over a patch of the base corresponds to a local 
section, a a : U a —> Ejj a , of the fiber bundle, satisfying Ti{a a {x)) = x, so that, in coordinates, 

( T a (x ) = (x,(j) a (x)). For most cases in physics, with M a typical four-dimensional spacetime, 
the total space is trivial, E ~ M x F, and admits global sections, a : M —> E, mapping M to 
submanifolds of E specified by cr(.x) = (x, fifix )). Sections of a trivial bundle are equivalent to 
continuous functions, fi(x), from M into F. 

With coordinate dependent elements of the structure group, G, called transition functions, 
used to relate fibers over overlapping patches of M. it is possible to use the same transition 
functions on associated fibers that are also representation spaces of G. The most important 
case to consider is the associated principal fiber bundle, P, over M, for which the associated 
fiber is the Lie group manifold, Q, corresponding to the structure group, with transition 
functions acting via the left action. 

To describe how a field, fi(x) 6 F, valued in some representation space changes from point 
to nearby point in spacetime, nearby fibers are related by a connection, 

A = dP Affix) T b 

a 1-form field over M valued in the Lie algebra of the structure group, Lie{G). This is used 
to construct a covariant derivative, 

Dcf> = dcj) + A<f> 

For any field configuration a gauge-equivalent field, fi' fix) = g~{x) <f>{x), (and a gauge-equivalent 
section of the fiber bundle) is given by transforming by any chosen G-valued function of po¬ 
sition over M. (Here, inverse group elements, g~(x), are used to conform with subsequent 
conventions.) Under this gauge transformation, (j){x) i —> (j)'fix) = g~(x)c/)(x), the covariant 
derivative transforms to D'cj)' = g~ Dfi, so the connection must transform to 

A' = g~Ag + g~dg 

Any connection defined over M corresponds to a specific field over the entire associated prin¬ 
cipal fiber bundle, P. For any section, cr'(x) = ( x, y(x )), of the principal fiber bundle corre¬ 
sponding to a chosen gauge transformation, g~{x) = g~(y(x)), the connection, A', over M, is 
the pullback, A' = cr'*^4., of an Ehresmann connection form, A —a Lze(G)-valued 1-form field 
over P which may be expressed using local coordinates as 

A(x,y) = g~{y)A(x)g(y) + g~fiy)dfig{y) (3.1) 

In physics, quantities dependent on the connection or covariant derivative are often gauge 
invariant —independent of the choice of section of P. Using (2.8) and identifying the Maurer- 
Cartan form along the principal fibers, the Ehresmann connection form (3.1) may also be 
written as 

A(x, y) = A b (x)L b c fiy)T c + Qfiy) 
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By relating the Lie algebra generators, T 4 . to the corresponding vector fields, £a(u ), along 
the principal hbers using the Maurer-Cartan form, A(x,y) = A(x,y)Q(y), we may define the 
Ehresmann connection locally as a vector-valued 1-form over P. 

A(x,y) = A B (x)L B c {y)tc(y) + i c {y)tc{y) = A B (x)xB(y) + &(y) 

in which \B are the left-action vector fields and Q(y) = £, C {y)£,c{y) = dy p d p is the identity 
projection along principal hbers. As a natural, globally defined vector projection, AA = A, 
the Ehresmann connection maps vectors on the total space, P, to their projections along the 
tangent space to the principal hbers. 

In more detail, the Ehresmann connection splits the tangent bundle of the principal hber 
bundle into vertical and horizontal distributions, satisfying Ay A = Ay and A hA = 0. The 
vertical distribution, spanned at each point of the principal hber bundle by coordinate basis 
vectors along the hbers, d y € Ay, integrates to principal hber submanifolds of the total 
space. The horizontal distribution, spanned at each point of the principal hber bundle by four 
horizontal vectors at each point, 

hi = di — Ai B XB £ Ah 

integrates to submanifolds of the total space with hi as tangent vectors if and only if the 
curvature of the connection vanishes. In this way, the Ehresmann connection, a natural vector- 
valued 1-form over the total space, describes the geometry of the principal hber bundle. The 
Ehresmann connection and corresponding decomposition of the tangent bundle into horizontal 
and vertical distributions are the fundamental structures of Ehresmannian geometry. 

A generalization of the Lie bracket to vector-valued forms, called the “Frolicher-Nijenhuis 
bracket” (or “FuN bracket”), allows the definition of the FuN curvature of the Ehresmann 
connection over the total space, 

p(x, y ) = -l[A,^] c = -Md^) + d(M) = {i-^)W + dy)A) 

= (1 - A B {x)x B {y ) ~ dfd p ) (0 d x A c ) xc(y) - 4 C ^xc) 

= (d x A c ) xc - A B A c x B d y xc 
= {d x A D + \A b A c C bc d ) x D (y ) 

= F D (x)xD(y) 

matching the curvature of the Ehresmann connection form, 

Z = dA + AA = g~(y)F{x)g(y) 

in which 

F(x) = F d T d = dA + AA = DA 
is the curvature of the connection over M. 


10 




Although we motivated the existence of a principal fiber bundle connection by the ne¬ 
cessity of describing a covariant derivative for an associated fiber bundle, this motivation is 
not essential. A principal fiber bundle with connection, by itself, is an interesting geometric 
object, with curvature specified by the covariant derivative of the connection. The choice of 
which kind of connection to consider more fundamental—the standard connection, A, over 
M, the Ehresmann connection form, A, over P, or the Ehresmann connection, A —is largely 
a matter of taste. Physicists typically use A in calculations, are vaguely aware of A- and may 
have been in the same room with A- Mathematicians, on the other hand, typically favor A or 
its more abstract description as a splitting of the tangent space into horizontal and vertical 
distributions. The main motivation for favoring A is that it is completely natural, consisting 
of a map from vector fields to vector fields, and defined globally over P. 

Even though the Maurer-Cartan form (2.3) is usually thought of as the frame over a Lie 
group manifold, it can also be considered as the connection of a special principal fiber bundle. 
In a trivial way, the Maurer-Cartan form is the Ehresmann connection form of a G-bundle 
with a zero-dimensional base, A{y) = ©(y) = £ B {y)T B - But the corresponding Ehresmann 
connection is just the identity map, @(y) = dy p d p = 1, since the entire tangent space of that 
bundle is vertical. To fully describe the local geometry of a Lie group manifold naturally, 
with an Ehresmann-Maurer-Cart an connection, we must consider a more interesting principal 
bundle. 

We take both the n-dimensional base manifold, M, and the typical fiber, F, to be copies 
of the Lie group manifold, forming the 2n-dimensional principal total space, Pg = Q x Q . 
The Maurer-Cartan connection is then a specific Lie algebra-valued connection over the n 
dimensional base, 

A{x) = @(x) = i B {x) T b (3.2) 

with the corresponding Ehresmann-Maurer-Cartan connection form and Ehresmann-Maurer- 
Cartan connection defined over Pg, 

9{x,y) = g~ {y)Q(x)g(y) + @(y) = f B (x)L b c (y)T c + (x)T c = 9(x,y)&(y) (3.3) 

9(x, y) = {x)l b c (y)tc(y) + € c (y)tc(y) = € B (x)x B (y) + @(y) (3-4) 

In this completely natural Ehresmann-Maurer-Cartan connection, 0, we see the local geom¬ 
etry of a Lie group described via a map from right-action generator vector fields on the base 
Q to the corresponding left-action generator vector fields on the Q fibers. The principal total 
space, Pg = G x G, is necessary for naturally describing the local geometry of a Lie group via 
the Ehresmann-Maurer-Cartan connection, 0, corresponding to the Maurer-Cartan connec¬ 
tion, 0, over the Lie group manifold base, G • This construction makes precise and natural 
the previously introduced notion of the Maurer-Cartan form as a map of tangent vectors into 
the model tangent space, now understood as the tangent space of the typical fiber of the 
principal total space. More succinctly, the Maurer-Cartan form (2.3) is a specific map of tan¬ 
gent vectors on the base G to tangent vectors on a fiber G, identified as Lie algebra elements. 
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Although this description is completely natural, working with the Ehresmann-Maurer-Cartan 
connection, 0, over Pg is cumbersome, and we will usually prefer to work with and think 
about the equivalent Maurer-Cartan connection, 0, over Q, valued in the Lie algebra—the 
model tangent space. This preference is motivated by the similar construction and description 
of pseudo-Riemannian geometry and gravity using a frame. 

4 Gravity 

The fiber bundle structure—Ehresmannian geometry—is well suited for describing curving 
spacetime and gravitational physics. Physically, we move around in a four-dimensional base 
manifold, Af, in which, at each point, x, we can imagine a freely falling clock and set of 
three orthogonal rulers. Each clock moves along a path in M with unit tangent vector, 
eb(x), corresponding to durations of time. The three rulers are tangent to paths with unit 
tangent vectors, e n (x), corresponding to directions and magnitudes of distance. These four 
orthonormal vector fields, e^x), constitute a tetrad for spacetime, implying the existence of 
a pseudo-Riemannian metric, g l j(x). such that, locally, 

(c^t) Cjy) — tjij e v j — 

in which 7j is the Minkowski metric, presumed to have r/oo = +1- The matrix of tetrad com¬ 
ponents, e^*, is invertible, implying the existence of four 1 -forms, the cotetrad , e M , satisfying 

efi§ u = ejdidx j e/ = = 5" 

The cotetrad resolves tangent vectors into components in the freely falling reference frame of 
the standard clock and rulers, vet 1 = uC With a tetrad defining frames of reference, we may 
associate the temporal and spatial tetrad vectors with algebraic elements, ~ 7 ^, spanning a 
model tangent space and satisfying the same orthonormality condition for some bilinear form, 
{hxilv) = f]p.v- The Clifford algebra (7/(1, 3) is ideally suited to this purpose, with the four 
7 ^ identified as Clifford basis vectors satisfying 

( 7 am lv) = 7m ' 7^ = 2 ( 7 ^ 7 v + 7^7£t) = 

With these algebraic elements we can define the spacetime frame to be a Clifford vector-valued 
1 -form, 

e = e M (x) 7 M 

mapping tangent vectors on M into the model tangent space spanned by the Clifford basis 
vectors, 

ve = v l didx ^= v G C'/ 1 (l, 3) 

The Clifford algebra basis elements, such as 7 ^, may be represented by matrices, such as the 
Dirac matrices, with the Clifford product isomorphic to the matrix product. 
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Under General Relativity there is no preferred rest frame at each point—we are free to 
choose a different but gauge-equivalent frame, e' = g~eg, related to the original by some 
rotation and boost. Interpreted as a section of a fiber bundle, the frame has C7 1 (l,3) as 
typical fiber and Spin( 1,3) as structure group. The spin connection for this bundle can be 
written as a Clifford bivector-valued 1-form, 

uj = dx l \uji^(x) 7 Mi , (4.1) 

in which six independent spin( 1,3) basis generators 5 are Clifford bivectors, 

7 tiu = 7/^X7^ = - Ivlp) g Cl 2 (l, 3) ~ spin( 1,3) = Lie(Spin( 1, 3)) 

Using this connection the covariant derivative of the frame is the torsion, 

T = De = de + u x e = dx l dx^(die^ + co^uej 1 ') 7 ^ (4.2) 

in which we have used the antisymmetric Clifford product, 

Itiv x 7 P =\ (rtpvlp - Iplvv) = gvplp ~ gpplv (4.3) 

The Riemann curvature, as a Clifford bivector-valued (or spin{\, 3)-valued) 2-form, is 

R = du: + = dx l dxi | (di ujj 1 * 1 ' + oof 1 p uij pu ) 7 ^ (4.4) 

in which we have used the antisymmetric Clifford product again, here equivalent to the 
spin{ 1,3) bracket, 

2 Ylpvi 7/9(7 ] = 7/W X 7/9(7 = Vi'p'ypa — Vva'Ypp ~ Vpp'Ji'cr + Vpa'l'up 

Complementing the antisymmetric product, the symmetric Clifford product of bivectors pro¬ 
duces a scalar and quadvector, with the scalar giving the spin( 1,3) Killing form, 

7 PV ■ 7p(T = (Ipui Ipa) T 'ypupcr 

( 7 pv 1 7 po-) = gpcrVup — VppVua 

In General Relativity we also encounter the Ricci curvature, R = exR, a vector-valued 1-form, 
and the curvature scalar, R = e ■ R, in which we use the coframe, e = 7 tJj e fl (x). 

In the C7(l,3) Clifford algebra, the single quadvector basis element is the pseudoscalar, 

7 = 70717273 

which gives, for example, r y t _ lU p Cr = Cavpal, using the permutation symbol. Multiplication (on 
the right) by the pseudoscalar (or, technically, its inverse, 7 “ = — 7 ) provides a natural duality 

5 We will typically write Lie algebras using lower case, spin(p, q) = Lie(Spin(p, q)). 
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operation within a Clifford algebra. In this way, the Clifford dual of any grade r element is a 
grade (4 — r) element, 


-4 r 7 = y[^ Q ''' /3 7a.../37 = r\(i-v)\ Aa "' P (7a.../? 7 ...<57 ) 7 7 "' <5 = r :. |' • '* 7, 


, 7 ...5 


in which the Clifford indices have been raised using the Minkowski metric, 7 ^ = rj pu 7 ^. In 
general, the Clifford dual of a r-vector is a (n — r)-vector in a dimension n Clifford alge¬ 
bra. Applied to spacetime bivectors, Clifford duality provides the duality operation for the 
spin{ 1,3) Lie algebra, such as 7017 ” = 723 - Also, we can use the spacetime coframe, e, to 
map any differential p-forrn, a = ^a l , ^dx i ... dx ^, to a Clifford p- vector, compute its Clifford 
dual, then use the spacetime frame to convert back, obtaining the Hodge dual (4— p)-form, 


-X (] -1_ n p p fj . rp 

~ — p!(4_p)! u a...p t £7 ■■■ SS ~ p!(4_p)i u i...j9 


■ 9^ £-m...nk...ldx 


. dx l = *a 


The Hodge star operator, *, acts on forms to convert them to their Hodge dual. This operator 
requires the existence of a spacetime frame, or at least a metric, and generalizes to work 
in higher dimensional spacetimes. When working in various manifolds it is important to 
be mindful of which metric is being used to build which Hodge operator, especially since 
the spacetime Hodge operator is needed for describing Yang-Mills dynamics. For a 2-form, 
F = F fJiI ;, in 4-dimensional spacetime, its Hodge dual is the 2-form, *F = ^F fll ^e lwprJ e p e a . 
For the spacetime area 2-form, ee, its Hodge dual is the same as its Clifford dual, 


* ee = 37 /Wv 






e„ = \eF e? = eey 


(4.5) 


a cute duality identity, useful for describing gravity. 


5 De Sitter cosmology 

A specific example of a realistic spacetime cosmology, describing a universe approximating 
ours, with exponentially expanding flat spatial sections, is de Sitter spacetime, with frame 

e s = dtfe^p = <# 7 o + ds n e at ln (5.1) 

Here, a is the expansion parameter, and the unit-carrying physics coordinates are the time 
measured by a standard clock, t = x°T, with T being some temporal unit such as seconds, 
and spatial lengths, s'* = x^iLjc), in units of time, with L a spatial unit, such as meters, 
and c the speed of light. Mathematically, manifold coordinate labels, x l , have no units, and 
it is the frame components, or scaled coordinates such as t, that have temporal units. 
Inverting the frame, the coframe is 

es = 7°<9t + ^ e~ at d n 

The torsionless (T = 0 in (4.2)) spin connection compatible with the de Sitter spacetime frame 
is 

uj s = —ds*ae at 'yo 7T (5.2) 
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with resulting Riemann curvature 

R s = —dtd_s 7T a 2 e at 'yon — d_s p d_s K \a 2 e 2at 'y pn = — ^-e s e s (5.3) 

Ricci curvature R s = —3a 2 e s , and scalar curvature R s = —12a 2 . Physically, a de Sitter 
universe corresponds to empty space with expansion driven by a cosmological constant , A = 
3a 2 . As a spacetime of constant curvature, this vacuum solution satisfies Einstein’s equations 
of General Relativity, and it approximates our physical universe, with large scale observations 
currently indicating A ~ 1 X lO -35 ^- and an expansion parameter of a ~ 2 X 1CU 18 ^. Of 
course, the existence of matter disturbs spacetime away from this de Sitter vacuum state. 

6 MacDowell-Mansouri gravity 

Most modern descriptions of gravity begin with the spin connection, uj, of a Spin( 1, 3) principal 
bundle as the primary dynamical held, accompanied by the frame, e, of an associated fiber 
bundle, over a four-dimensional base. An interesting structural unification, first introduced by 
MacDowell and Mansouri, is achieved by combining spin connection and frame fibers as parts 
of a Spm( 1,4) principal bundle. This unification works because the antisymmetric Clifford 
product of Cl 2 { 1,3) bivectors and GZ 1 (1,3) vectors (4.3) is isomorphic to the Lie bracket 
between corresponding spin(1,4) generators, 

2 bw> 7p4] = 7/^ x 7p4 = hi'p7p4 — hpp7^4 = {hiv x 7p) 74 

Using this algebraic identification of different parts of 

spin{ 1,4) ~ Cl 2 { 1,4) = Cl 2 ( 1,3) © C'Z 1 (1,3) 

the connection for the Spin{ 1,4) bundle can be split into different parts, 

H = \ip + E (6-1) 

in which uj is the spin(l, 3)-valued part, identihed with the spin connection (4.1), and E is 
valued in its complement, 

E = = £^§7^74 = ecj) s 

with e = §^ 7 ^ identihed as the frame, valued in a four-dimensional C'i 1 (l,3) subspace of 
C'Z 1 (1,4), and 

4>s = </>o74 = §74 (6.2) 

a constant Cf 1 (l,4) Higgs vacuum expectation value vector that commutes with the chosen 
spin( 1,3). Since the frame carries units of time, [e] = T, and connections are unitless, the 
Higgs and expansion parameter, a, have units of inverse time, [<j) s ] = [a] = 1/T = [c 2 /h]M, 
or mass in natural units. With this decomposition of H into different parts, the Spin{ 1,4) 
bundle curvature is 

F = dH+ HH = {\R+^ee) + T4> s (6.3) 
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in which R is the Riemann curvature (4.4) and T is the torsion (4.2). As shown by MacDowell 

and Mansouri and others, this curvature can be used to construct a realistic action for gravity. 

If we consider de Sitter spacetime in the context of MacDowell and Mansouri’s formulation, 

we find an interesting result. Because de Sitter spacetime (5.3) is torsionless and has Riemann 
2 

curvature R s = —^-e s e s , the corresponding Spin( 1,4) bundle curvature (6.3) vanishes, F s = 
0. The Spin{ 1,4) bundle with connection corresponding to de Sitter spacetime is, in this 
sense, flat. This spin(l, 4)-valued de Sitter connection, H s , is the combination (6.1) of the 
spin connection (5.2) and frame (5.1) of de Sitter spacetime, 

H s = |w s + e s cj) s 

= — djF\ote at + 4 t 7 jCryo 4 + ds n \ae at 7^-4 
= dtaNo + ds^ae^Nn (6.4) 

in which 

No = 2704 and N w = 5 ( 7^4 - 7 07r ) = 27 *-(74 + 7o) (6.5) 

are the temporal and three null de Sitter generators. Algebraically, these null generators are 
eigenvectors (root vectors) of the temporal generator, satisfying 

[N 0 , N n \ = -N n N 0 N n = -\N n (N 0 , N 0 ) = N 0 N 0 = \ 

[N n , N p } = 0 N n N p = 0 ( N n , N p ) = 0 ( 6 . 6 ) 

and will play an important role in what follows. 

Although combining the spin connection and frame as parts of a larger connection works 
perfectly as an algebraic unification, this construction introduces an important mystery. If 
the fundamental structure of our universe is presumed to be a Spin( 1,4) principal bundle 
with connection over a four-dimensional base, then there is no natural reason why part of 
the spin(l, 4)-valued connection should relate to the spacetime frame over the base. We 
arbitrarily split the connection by hand to obtain a part that we then treated as a spacetime 
frame, without that split or identification being justified. Even if we contrived some symmetry 
breaking scheme to accomplish the splitting of the connection, that still would not justify 
identifying part of the connection as the spacetime frame—a serious foundational inadequacy 
of the MacDowell-Mansouri approach to gravity. This ontological malady can be cured by 
considering a slightly different geometric framework, Cartan geometry. 

7 Cartan geometry 

The idea behind Cartan geometry is to deform (or “excite”) a Lie group while preserving a 
chosen subgroup, so the Lie group becomes a principal bundle with a connection and associated 
frame. We begin by factoring a Lie group, G, into a subgroup, H, and a coset space, G/H, 
obtained by modding G by H. The resulting factored geometry—the Lie group, G ~ G/HxH, 
decomposed into these parts—is called a Klein geometry. More specifically, the ( dim{G ) — 
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dim(H) dimensional) coset space consisting of points, x E G/H, is related to submanifolds of 
G specified by coset representatives, r(x) E G, each in an equivalence class under right action 
by H, 

x ~ [r(.x)] = \r{x) h{y)\ = r{x) H = {r(x) h(y ) : V h(y) E H} 

A coset space manifold without the identity point specified is a homogeneous space, also labeled 
G/H, on which G acts continuously and transitively. The homogeneous space, G/H, may be 
considered the base of a principal bundle with H as typical fiber and the original Lie group, 
G, as the total space, with defining map it : g H > [g\. The chosen coset representative section, 
r : G/H —> G, serves as a reference section and local trivialization of this bundle. Gauge 
equivalent sections, r'{x ) = r(x) h(x), are related via gauge transformations by //-valued 
functions. The pullback of G’s Maurer-Cartan form, 0{x,y) = g~dg , on this section produces 
the MaiLrer-Cartan connection for the Klein geometry, 

Q(x) = r* 0 = r~dr = A s + E s E Lie(G) = Lie(H) © Lie(G/H) 

The Maurer-Cartan connection consists of a specific H-connection, A s , valued in the Lie 
algebra of the subgroup, Lie(H), and a second part, the frame for the homogeneous space, 
E s , valued in Lie(H)' s complement, Lie(G/H). A Klein geometry is a decomposition of a Lie 
group and its Maurer-Cartan form as the total space of a principal bundle with a subgroup 
as typical fiber and a specific connection and frame over a homogenous base space. 

With a Lie group factored into a Klein geometry, integration of functions over the Lie 
group can be separated as 

[ d G zf{z) = [ d G i H x [ d H y f(x, y) (7.1) 

JG Jg/h Jh ~ 

in which d G z is the Haar measure (2.9) on G, d H y is the Haar measure on H, d G / H x is the 
measure on G/H provided by the frame part of the Maurer-Cartan connection, E s , multiplied 
by a constant scale factor, and f(z ) = f(x, y) is the integrand as a function of Lie group points, 
z, coordinatized by x over G/H and y over H. 

A Cartan geometry is constructed by allowing a Klein geometry to deform, or be excited, 
with the Maurer-Cartan connection allowed to vary arbitrarily, becoming a Cartan connection, 

C{x) = A + E (7.2) 

consisting of an H-connection, A, valued in Lie(H), and frame, E, valued in Lie(G/H), over 
a base space, M , modeled on the homogeneous space, G/H. This Cartan geometry describes 
a deformation of the original Lie group, G, to G ~ M x H, in which subgroup fibers, H, 
maintain their geometry. The resulting structure is a principal H-bundle over a base, M, 
having the same dimensionality as G/H, along with an //-connection and frame over M. The 
reference section, r : G/H —> G, of the Klein geometry becomes a section, a : M G, of 
the total space of the principal H-bundle, now seen as a deforming G. The H-connection and 
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frame parts of the Cartan connection over M are the pullback, C = (J*C, of the Ehresmann 
connection form (3.1) and Ehresmann frame form parts of the Ehresmann-Cartan connection 
form over G, 

C(x,y ) = A{x,y) +£(x,y) = (h~ (y)A(x)h(y) + h~(y)<Ph(y)) + h~(y)E(x)h(y) (7.3) 

The curvature of the Cartan geometry is 

Z{x,y) = dC+CC = hr (y)F(x)h(y) (7.4) 

in which 

F(x) = dC + CC (7.5) 

is the curvature of the Cartan connection over M. A nicely succinct summary is provided by 
Sharpe: [3] 

A Cartan geometry on M consists of a pair (P, oj), where P is a principal bundle 
H —> P —> M and u>, the Cartan connection, is a differential form on P. The 
bundle generalizes the bundle H —> G —> G/H associated to the Klein setting, 
and the form uj generalizes the Maurer-Cartan form uiq on the Lie group G. In 
fact, the curvature of the Cartan geometry, defined as fl = doj + ^[o;,w], is the 
complete local obstruction to P being a Lie group. 

The manifold P may be regarded as some sort of “lumpy Lie group” that is ho¬ 
mogeneous in the H direction. Moreover, u may be regarded as a “lumpy” version 
of the Maurer-Cartan form. The Cartan connection, u, restricts to the Maurer- 
Cartan form on the fibers and hence satisfies the structural equation in the fiber 
directions; but when fl ^ 0 we lose the “rigidity” that would otherwise have been 
provided by the structural equation in the base directions and that would have 
as a consequence that, locally, P would be a Lie group with co its Maurer-Cartan 
form. Thus, the curvature measures this loss of rigidity. 

Since Ehresmannian geometry embraces the principle of geometric naturalness (everything 
described via maps between vector fields over manifolds), it is worth considering Cartan 
geometry from this natural point of view. In this context the principal total space of a Lie 
group factors as Pg = QxQ ~ G / H xTLxQ and deforms to Pg = Q xQ ~ M xTLxQ , with the 
Ehresmann-Maurer-Cartan connection (3.4) deforming to an Ehresmann-Cartan connection, 
C, over Pg, mapping vectors tangent to Q to vectors tangent to Q. The Ehresmann-Cartan 
connection relates to the Cartan connection by C(x,y) @(y) = C(x). It is good to be able to 
describe Cartan geometry this way, using maps between vector fields, but working with the 
Cartan connection over the base is usually more convenient. 

Although a Cartan geometry is a deforming Lie group, Q, which becomes the total space 
of a principal P-bundle, it also has associated G/H frame fibers. To fully describe a Cartan 
geometry, we may combine these G/H and H fibers, producing a principal G-bundle. In this 
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construction, generalizing MacDowell and Mansouri’s formulation, a Cartan connection may 
be identified as a principal G'-bundle connection, now with a new understanding of why this 
G-connection has //-connection and Lie(G/H)-v alued frame parts. 

Integration of functions over a deforming Lie group described as a Cartan geometry can 
be separated, similarly to (7.1), as 

[ d$zf(z)= [ d™x [ d H y f(x, y) (7.6) 

J G Jm Jh ~ 

in which drz is the measure on G, d H y is the Haar measure on //, d M x is the measure on 
M provided by the frame part of the Cartan connection, E. multiplied by a constant scale 
factor, and f(z ) = f(x,y) is the integrand as a function of deforming Lie group points, z, 
coordinatized by x over M and y over H. 

8 Spin(l,4) deformations 

To describe spacetime and gravity, we start with a Klein geometry using the Lie group G = 
Spin( 1,4) and a H = Spin( 1,3) subgroup, producing a four-dimensional homogeneous space, 
G/H = Spin(l, 4) / Spin(l, 3), which, we will see, can be identified as de Sitter spacetime. In 
detail, we choose a spin{ 1 ,3) subalgebra of spin( 1,4) spanned by six 7 ^ generators, with the 
complementary vector space, Lie(Spin(l, 4)/<S l pm(l, 3)), spanned by the four 7 ^ 4 . As a nice 
coset representative section we choose 

r(x) = e asnN ”e atNo (8.1) 

= (1 + as n N n ) (cosh(f) + 2A r o sinh(f)) 

= cosh(f) + 2/Vosinh(f) + ae^s^N^ 

which we’ve calculated out in closed form as Spin{ 1,4) Lie group elements of the C7(l,4)* 
Clifford group via exponentiation and Clifford multiplication, using space and time coordinates 
g iT _ an j 1 = X °T, expansion parameter a, and the null generators iVo = ^ 7 o 4 an d 

N n = ^(7^4 — 7ott)) and their identities (6.6). The Maurer-Cartan connection on this section 
is 


0(x) = r dr 

= ( e -<xtNo e - a s”N^ (dt ( e asnN *a No e atN °) + df (aN n e asn e atN °)) 

= dt aNo + ds 17 ae at 

= Iuj s + E s (8.2) 

which we see is the same as the de Sitter connection (6.4), 0 = H s , with the de Sitter frame 
and spin(l, 3)-valued spin connection identified as 

E s = dt §704 + df ^e at ^4 = (df 70 + dfe 0 *^) (§ 74 ) = e s (j) s (8.3) 

u? s = —ds 7 r ae at 7 o 7 r (8.4) 
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The fact that there is a representative section of Spin{ 1,4) such that the Maurer-Cartan form 
on this section is the de Sitter connection explains why the curvature of the de Sitter connec¬ 
tion vanishes. The de Sitter connection is the Maurer-Cartan connection of a Klein geometry 
with a homogeneous space that is four-dimensional de Sitter spacetime. The spacetime frame 
part of the de Sitter connection is the frame part of the Maurer-Cartan connection on the ho¬ 
mogeneous space. As a homogeneous space, de Sitter spacetime is symmetric under Spin{ 1, 4) 
transformations. 

When we allow this Klein geometry to vary, becoming a Cartan geometry, Spin( 1,4), 
the curvature can become non-zero, describing excitations of the Spin{ 1,4) Lie group that 
maintain the integrity of a Spin( 1,3) subgroup. The resulting Cartan connection consists of 
the spin connection and frame, 

C\x) = + E uj = E = e M (x)f 7^4 (8.5) 

valued in Lie(Spin(l, 3)) and Lie(Spin(l, A)/Spin{l, 3)) parts of Lie(Spin(l, 4)). This Cartan 
connection, defined over a four-dimensional base manifold, M. describes the geometry of 
spacetime embedded in the deformed Spin{ 1,4) Lie group, Spin(l, 4), just as the section (8.1) 
embeds de Sitter spacetime in the Spin(l ,4) Lie group of the Klein geometry. In this model, 
physical spacetime is the collection of gauge-related sections of Spin( 1,4), with the deforming 
Lie group and local spacetime geometry described by the spin connection and frame parts 
of the Cartan connection and its curvature over the base, M. In this way, Cartan geometry 
solves the mystery of how and why the frame part of the Spin( 1,4) MacDowell-Mansouri 
connection is a spacetime frame—it is the frame part of the Cartan connection evaluated at 
a spacetime section of Spin{ 1, 4). 

From the Cartan connection (8.5) over Af, the Ehresmann-Cartan connection form (7.3) 
over all of Spin{ 1,4) ~ M x Spin{ 1,3) is 

C(x,y) = {hr (y)\u(x)h(y) + h~ (y)d?h(y)) + h~ (y)E(x)h(y) (8.6) 

in which h{y) E Spin( 1,3). This connection describes how the entire Lie group manifold 
deforms to accommodate curved spacetime. The curvature (7.4) of this Cartan geometry, 
T(x,y) = h~(y)F(x)h(y), is described by the curvature of the Cartan connection over Af, 

F(x) = dC + CC = (i#+ c fee) + Tf 74 (8.7) 

with 5 the Riemann curvature (4.4) and T the torsion (4.2). 

Other representative sections of Spin( 1,4) obtainable via Spin( 1,3) gauge transforma¬ 
tions correspond to gauge-equivalent spacetimes. The decomposition of Spm(l,4), and of 
Spin( 1,4), into fibers and sections presumes that each fiber intersects a section once and only 
once. If this is not true, as is sometimes the case for arbitrary Lie subgroup fibers, H C G, 
and sections, a, the decomposition necessarily becomes more elaborate. There are two ways 
this can happen. One possibility is that there are H fibers in G that do not intersect a. The 
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second possibility is that there are H fibers that intersect a more than once. In the first case, 
we can choose a larger section intersected by these fibers. In the second case, we might be 
able to choose a different section to avoid multiple intersection, or we might have to deal with 
this Gribov ambiguity in some other way. 

9 Lie group decompositions and the de Sitter subgroup 

The topology of Lie group manifold embeddings and deformations is complex and fascinat¬ 
ing [12, 13], but will largely be left to consider in future work. We will, though, briefly touch 
on some topological issues. First, we should admit to having used some unusual conventions 
and abuses of language. 

We have chosen to work with spin groups rather than orthogonal groups because Clifford 
algebra is efficient for computations and because we eventually need to deal with spinors to 
describe fermions. We follow the convention that Spin(l,q ) is the simply connected dou¬ 
ble cover, often labeled Spino(l, q), of the identity component, <SOo(l,(/), of the orthog¬ 
onal group, 0(1, q). What we have been calling “de Sitter spacetime,” the coset space 
Spin(l, 4)/Spin(l, 3), is half of what is usually called “de Sitter space,” the coset space 
0(1, 4)/0(l, 3). De Sitter space can also be described as a hyberboloid embedded in five¬ 
dimensional Minkowski space, defined by 

( 2 ») 2 - 

a =1 

Half of this hyperboloid corresponds to de Sitter spacetime, 

^ sinh(af) + %R 2 e at 

e°V 

^ cosh(af) — %R 2 e at 

with t and s 7r ranging from minus to plus infinity (in temporal units) and R 2 = X^=i( s7r ) 2 ' 
The other half of de Sitter space, the dual de Sitter spacetime , is obtained by mirroring de Sitter 
spacetime through the origin of five-dimensional Minkowski space. (Our de Sitter spacetime 
has also been called “elliptic de Sitter space,” dS/ Z 2 [14].) Although the embedding of de Sitter 
spacetime in five-dimensional Minkowski space can be useful, we consider its embedding in 
Spin( 1,4) to be more fundamental. The de Sitter spacetime also provides a more physically 
realistic cosmological model than the full de Sitter space hyperboloid, describing an eternally 
exponentially expanding universe. 

The chosen representative section (8.1) of Spin{ 1,4) corresponding to de Sitter spacetime, 
r{s,t) = n(s) a(t) = e <*^ N « e atNo = e atN ° + ae^s*N„ (9.1) 
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comes from an Iwasawa-like decomposition, by which some elements of Spin( 1,4) can be 
factored as 

g(s, t, b ) = n(s) a(t ) h(b) = ± e ^ N - e atNo e^^ (9.2) 

in which n(s) = e as * w,r is the exponentiation of null generators (6.5), a(t) = e atN ° is the expo¬ 
nentiation of the temporal generator, and h(b) = are Spin( 1, 3) subgroup elements. 6 

Since Spin( 1, 3) is not compact, this is not a usual Iwasawa decomposition, but follows similar 
lines. The null generators, N n , are the negative root vectors with respect to a Cartan-Weyl 
decomposition of Lie(Spin( 1,4)) having No in the Cartan subalgebra. The temporal and 
three null de Sitter generators exponentiate to produce the de Sitter subgroup. This four¬ 
dimensional solvable Lie subgroup is embedded in Spin( 1,4) as the section g(s, t, 0) = r(s, t). 
As a Lie group, the product of any two de Sitter spacetime points is a third point, 

r(s, t ) r(s / , t') = (e atN ° + ae^ [e at N ° + ae~ s' p N^j 

= e a{ - t+t ' )No + ae (a w + e~ at s ,n ) N n 
= r(s + e~ at s', t + t') 

with the identity at r(0,0) and inverses given by r~(s,t ) = r(—e at s, —t). This description of 
de Sitter spacetime as a Lie group (sometimes going by the name AN(3)) is not new but is 
not widely appreciated. 

Along with the embedded de Sitter spacetime obtained from exponentiating N^, there 
is an algebraically dual de Sitter spacetime embedded in Spin{ 1,4). This dual de Sitter 
spacetime, with representative section 

r\s,t) = n'(s ) a(t) = e as " N ^e atN ° = e atN ° + ae^s n N^ 

is generated by No and the three positive root vectors, 

K = \ (7tt4 + 70tt) 

dual to N n . The Cartan involution, N n ■H- f\7, corresponds to a duality outer-automorphism 
of the spin(1,4) Lie algebra, with this automorphism relating two regions of the Lie group. 
To cover Spin( 1,4), we can use Spin( 1, 3) gauge transformations of r, as in (9.2), and of r 1 . If 
we consider the Spin(1,4) outer-automorphism as a gauge transformation, then deformations 
of Spin( 1,4) to ,S'pm(l, 4) can be described by a Cartan connection over M modeled on de 
Sitter spacetime with representative, r, in one region, with gauge transformations giving the 
Ehresmann-Cartan connection form over the entire deforming Lie group. 

The fact that our chosen representative section (9.1), r, is a Lie subgroup of Spin( 1,4) 
has interesting implications. One implication is that this de Sitter subgroup will also be a 
Lie subgroup of any group containing Spin{ 1,4), such as Spin(12, 4) or -E? 8 (- 24 )- Another 

6 Some elements of Spin( 1,3) can’t be reached by exponentiating bivectors, requiring the minus [15]. 
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implication is that analysis over de Sitter spacetime will relate to representations of the de 
Sitter subgroup. However, it is important to keep in mind that even though our chosen 
section (9.1) is a Lie subgroup, other, gauge-equivalent sections of Spin(l,4) also describe 
de Sitter spacetime without being subgroups. Also, the de Sitter subgroup, as a Lie group, 
cannot be considered, alone, as de Sitter spacetime because its Killing form, and thus its 
metric, is degenerate. The de Sitter subgroup can only be considered de Sitter spacetime as 
a representative of the coset space Spin(l, 4 )/ Spin{ 1,3) in Spin( 1,4), in which the Maurer- 
Cartan form separates into a frame and spin connection, and the non-degenerate metric is 
inherited from Spin( 1,4). 


10 Deformation dynamics 


To prescribe dynamics for Spin{ 1,4) and larger deforming Lie groups, we can specify an 
action dependent on the Cartan connection. Following our philosophical desire for geomet¬ 
ric unity [16], we prefer an action functional that is an integral over the total space of the 
deforming Lie group. The most compelling possibility is the Yang-Mills action, 


S=1 


’ Spin( 1 , 4 ) 


U(z)St) = \t d S *< 1>4) 

' ' ■’Spin( 1 , 4 ) 


9 ac 9 bd n AB T^T B d 


using the spin( 1,4) Killing form, n A B > the curvature, E, of the Cartan geometry, and the 
Hodge duality operator, *, and metric, g ab (z ), derived from the Ehresmann-Cartan connection 
form (7.3), much as the Hodge duality operator and metric over the Lie group manifold 
were constructed from the Ehresmann-Maurer-Cartan connection form (2.6). Because the 
deforming Lie group maintains the integrity of a Spin( 1,3) subgroup, the curvature is gauge- 
covariant (7.4) under the chosen Spin( 1,3), and is horizontal over sections (a 2-form on M). 
Thus, the integrand is Spin( 1,3) invariant and the action separates (7.6) and integrates to 


5=1 






’ Spin( 1 , 3 ) 


d Spin(l,3) y ^\ x )g^ nABF .A {x )F km B = W 


IM 




with V the volume of the Spin( 1,3) Lie group manifold. In the resulting integral, F is the 
curvature of the Cartan connection (8.7), 


g ij (x ) = ejiTej 


is the metric inverse, and * is the Hodge duality operator over M, both using the frame 
part, E = of the Cartan connection (8.5). It is very nice that the Hodge duality 

operator and Yang-Mills action integrated over the entire deforming Lie group reduces to the 
spacetime Hodge and Yang-Mills action for the Cartan connection integrated over a spacetime 
section. Separating the curvature into parts (8.7) and using the Hodge area identity (4.5), the 
action becomes 

5 = [ dix \e\ {R + 6« 2 + + 1^/T^} 

Jm 
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which includes an Einstein-Hilbert term, a positive cosmological constant, a Kretschmann 
scalar term, Rij^R l] ^ v , (also known as a Stephenson-Kilmister-Yang (SKY) term), and a 
torsion term—providing a reasonable action for gravity. 

Although the expressions for the Cartan connection and the MacDowell-Mansouri con¬ 
nection are identical, the geometric model of Cartan gravity, with Spin( 1,4) deforming as de¬ 
scribed by its Cartan connection, is more succinct and elegant than the MacDowell-Mansouri 
framework of a Spin( 1,4) bundle with connection over a four dimensional base. Philosophi¬ 
cally, it is more satisfying to begin with a unified geometric structure, such as the Spin{ 1,4) 
Lie group, and consider its deformation, than to begin with a more disjoint structure, such 
as a principal and associated fiber bundle. Also, we have now found a satisfactory answer to 
why the frame part of the MacDowell-Mansouri connection is related to spacetime. In Cartan 
geometry, the frame is the part of the Cartan connection related to spacetime subspaces of 
the deforming Lie group. Instead of a symmetry breaking process, such as was required in 
the MacDowell-Mansouri formulation, Cartan geometry employs a symmetry keeping process. 
Maintaining the rigidity of Spin{ 1,3) fibers within 5pin(l,4) determines how the Spin{ 1,4) 
symmetry breaks, with spacetime described as the curving, broken Spin{l, 4)/Spin(l, 3) part 
of the geometry. The fibers and base spacetime of Cartan geometry arise naturally from the 
original Lie group geometry and deformations preserving a subgroup. 

Given our success in describing spacetime using Spin{ 1,4) Klein geometry and Cartan 
geometry, we may naturally wonder whether this same framework will work with larger Lie 
groups, such as Sjhn(12,4), to describe the gauge fields of the Standard Model and Grand 
Unified Theories as well as gravity; however, a problem immediately arises. Even when we 
choose the largest possible subgroup, the homogenous space of the resulting Klein geometry is 
typically very high-dimensional, such as fifteen-dimensional for Spin(12, 4)/Spm(12, 3). This 
is bad for modeling four-dimensional spacetime. We could employ Kaluza-Klein theory to 
compactify some of these extra spacetime dimensions, but that would complicate matters and 
raise other issues. So it appears, at first, that Cartan geometry does not obviously give a 
unified GraviGUT. But what if we generalize Cartan geometry and consider deformations 
of a large Lie group, such as Spm(12,4), with four-dimensional submanifolds corresponding 
to spacetime? There is no reason we can’t choose a Spin{ 1,4) subroup of Spin( 12,4) and 
model four-dimensional spacetime on a representative subspace of Spin( 12,4) corresponding 
to Spin(l, 4)/Spin(l, 3) de Sitter spacetime within the Spin( 1,4) subgroup. 

11 Generalized Cartan connections 

How can we generalize Cartan geometry to describe a large Lie group deforming over cosets 
of a subgroup? If we start with a Lie group, G, containing a subgroup, G', which contains 
a subgroup, H, then we can allow G'/H to become wavy while maintaining H, as in Cartan 
geometry, and also maintaining the rigidity of G/G 1 . If we wish to integrate over the large 
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Lie group, we can use (7.1) twice to separate the integral as 


[ (Fzf(z) = [ d G i G 'w [ d G 'i H x [ d H y f(w, x, y) (11.1) 

Jg Jg/G' Jg'/h Jh ~ 

If we allow G'/H to become wavy, calling it M, and provided / is independent of w and y, 
the integral over the deforming Lie group becomes 

[ d G zf(x) = V G/G ,V H [ d™xf(x) (11.2) 

JG JM 

with V G / G i and Vh the volumes of G/G' and H. This worked when the deformation was 
described by a Cartan connection (7.2) valued in Lie(G') = Lie(H) + Lie(G' / H), and it also 
works if we allow more general excitations, described by a generalized Cartan connection, 

C(x) = \uj + E + A (11.3) 

in which uj, E, and A are 1-forms over M valued in Lie(H), Lie(G'/H), and Lie(G/G'). This 
generalized Cartan connection, valued in Lie(G), describes how the large Lie group deforms 
and twists over M. It is the pullback of the generalized Ehresmann- Cartan connection form 
over G, 

C(w,x,y) = r~ (w)h~ (y)C(x)h(y)r(w) + r~ (w)h~ (y) dh(y)r(w) (11.4) 

in which r(w) is a representative element of G/G 1 , and h(y) is an element of H. The curvature 
of this generalized Cartan geometry is 

Z{w,x,y) = dC + CC = r~ (io)h~ (y)E(x)h(y)r(w) (11.5) 

in which 

F(x) = dC + CC 

= \ {du + \ujuj + EE) + (dE + \uE + \Eu + AE + EA) + (dA + ^L4) 

= (is + EE) +DE + FA (11.6) 


is the curvature of the generalized Cartan connection over M. 

12 Deforming Lie group regions 

The generalized Cartan geometry picture is very succinct: a sheaf of four-dimensional space- 
times modeled on de Sitter spacetime is embedded in a large deforming Lie group, with Lorentz 
and other gauge transformations relating spacetime subspaces. However, as we encountered in 
the decomposition of Spin( 1,4), not all regions of a deforming Lie group can be reached along 
fibers (orbits of Lorentz or usual gauge transformations) over embedded spacetime. For many 
Lie groups there will be regions not reachable by gauge orbits intersecting a chosen spacetime. 
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In the example of Spin(l,4), a duality automorphism was employed as a large gauge trans¬ 
formation, allowing sheaves of gauge-related spacetimes to cover the Lie group. For a more 
complicated example, consider the Lie group G = Spin(A, 4). We can choose a G' = Spin{ 1,4) 
and H = Spin( 1,3) subgroup, with a representative of de Sitter spacetime, G'/H , embedded 
in Spin{ 1,4) and therefore embedded in Spin( 4,4). The sheaf of gauge-transformed space¬ 
times generated by Lie(G/G') and spm( 1,3), corresponding to some inner-automorphisms of 
Spin( 4,4), will not completely cover Spin(4,4), nor will sheaves related by duality. This is 
because Spin( 4,4) also has a triality outer-automorphism, transforming embedded de Sitter 
spacetime to two other de Sitter spacetime copies embedded in SpinfA, 4). Large gauge trans¬ 
formations, relating these three spacetimes, cannot be described via usual Lorentz or gauge 
transformations of the connection (11.4). How, then, should we think of embedded space¬ 
time in this ambiguous case? Is physical spacetime one of these triality-related spacetimes, or 
somehow a superposition of all three? A similar problem, Gribov ambiguity, is well known in 
gauge theory, and the usual solution is to integrate over multiple Gribov regions, matching at 
the boundaries. This same approach works within our generalized Cartan geometry, in which 
we must embed multiple spacetimes and their corresponding fiber bundles to properly cover 
and describe the deforming Lie group. This approach is unusual because it implies we have 
several equivalent spacetimes, but is similar to having many equivalent spacetime sections 
of a fiber bundle. Another way to think of this geometry, from a top-down perspective, is 
that a deforming Lie group can have regions described by different sheaves of spacetime, with 
different matter content, and different but compatible connections. 

In the example of Spin(4,4), a triality automorphism induces an automorphism of the 
Lie algebra, T : spin( 4,4) —>• spin( 4,4), with T 3 the identity. If we consider an embedded de 
Sitter spacetime representative, S { , generated by some Nh, as in (6.5) and (8.1), then two other 
copies of de Sitter spacetime, S u and S U i, in different regions of Spin( 4,4), with non-trivial 
intersection, are generated by T N fl and T 2 N„. For example, three sets of triality-related de 
Sitter generators could be 

N 0 = ^704 

N \ = \ (714 - 701) 

Ni = \ (724 — 702) 

A3 = \ (734 - 703) 

TN 0 = \ (-715 - 726 - 737 - 704) 

TNi = \ (714 + 723 + 767 + 705) - 3 (-701 - 727 + 736 + 745) 

TN 2 = \ (-713 + 724 - 757 + 7oe) - \ (-702 + 717 - 735 + 746) 

TN 3 = 3 (712 + 734 + 756 + 707) - 3 (-703 - 716 + 725 + 747) 

T 2 .No = l (715 + 726 + 737 - 704) 

T 2 . Ai = l (714 + 723 + 767 - 705) - 3 (-701 + 727 - 736 - 745) 

T 2 N 2 = l (-713 + 724 - 757 - 7oe) - 3 (-702 - 717 + 735 - 746) 

T 2 . A 3 = l (712 + 734 + 756 - 707) - 3 (-703 + 716 - 725 - 747) 
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These generators reside in three different Lie algebra regions, and each set of four exponentiates 
to give a different de Sitter spacetime representative residing in a different Lie group region. 
Each of the three copies of de Sitter spacetime will have a corresponding frame, e® nm , Higgs 
vector, 0i Iim , and spin connection, Hl . All of Spin{ 4,4) is reachable via Lorentz or gauge 
transformations from these three copies of embedded spacetime, or from their duals. The 
single spacetime that we perceive can be described by the generalized Ehresmann-Cartan 
connection form, with connections in different regions related by automorphisms, similar to 
how gauge fields in spacetime are described by connections related by inner-automorphisms 
over the total space of a principal bundle. 

Another way of understanding the existence of three spacetimes in Spin( 4,4) is the fol¬ 
lowing: Choose a Spin(l,A) (or similar) subgroup of Spin{ 4,4). Decompose that Spin{ 1,4) 
into Spin( 1,3) and the four-dimensional coset space. The pullback of Spin(A, 4)’s Maurer- 
Cartan form onto a representative of that coset space will be the combined spin connection and 
frame of de Sitter spacetime (8.2). There are two other partially overlapping Spin( l,4)’s in 
Spin{ 4,4) related to the first by triality automorphism. By that automorphism, the spin con¬ 
nection and frame coefficients for each of those triality-related spacetimes, from the pullback 
of the Spin(A, 4) Maurer-Cartan form, must be identical. Therefore, we have three de Sitter 
spacetimes, which we identify as vacuum spacetimes in three different regions. If we wish, 
we can consider independent or identical perturbations of the spin connections and frames of 
those spacetimes. 

Lie group excitations in various regions might not be perfectly related by large gauge 
transformations, in which case it may be necessary to describe the deforming Lie group with 
independent generalized Cartan connections, such as Cm Cm, and C m , over the different re¬ 
gions. The spin connection, u, and frame-Higgs, E, of physical spacetime will then be iden¬ 
tified with some superposition of cj I; w n , or u m , and E l , E n , or E IU . Although their field 
components may differ, the Lie algebraic generators of these fields must be related by triality, 
such as in cc, = \ui V 'y llu and u) n = 'y /iu . These may be combined in a superposed Cartan 

connection, 

C = Ci + C n + Cm = T |wiii + Ei + En + Em + Ai + An T Am (12.1) 

in which the generators of the Roman numbered fields, but not necessarily their coefficients, 
are related by a triality automorphism. The regional Cartan connections, ( 71 , 11 , 111 ) may be 
valued in overlapping parts of the Lie algebra—with some of their generators invariant under 
triality. We may express the Roman numbered fields as triality maps of Arabic numbered 
fields, such as 

Ui = \wi l ''( ll v =<Pi 4Ai = ^n’T'y l j iV = Tip 2 Um = §aCT 2 7 M1/ = T 2 w 3 

To ensure that the superposed Cartan connection describes our one spacetime, we presume 
that the spin connections, gravitational frames, and gauge fields in different regions have equal 
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coefficients, so 


uji = u?2 = ^3 = w gi = §2 = ^3 = Ai = A? = A% = A 


If we wish to maintain perfect symmetry under triality, we would also presume that the Higgs 
vacuum expectation values ( 6 . 2 ) are equal in the different regions, 


a 


4 1 = <^o n = 0O 111 = </>o = ^ 

Alternatively, we can allow for the possibility that the Higgs vevs may be different, 


ot i 


a 2 


«3 


with correspondingly different £ 1 , 2 , 3 ) such as E 2 = e /J 7 ^ 4 . 

Although the generalized Cartan connection, and its superposed variant, can describe 
some excitations of our large Lie group, it is possible that we have not generalized Cartan 
geometry enough—that we need to accommodate deformations that cannot be described by 
our connection. For example, we might wish to allow excitations described by a connection 
1-form that is not necessarily a spacetime 1-form, but is a 1-form within the deforming Lie 
group. 


13 Superconnections 

There are a few good ways to further extend the generalized Cartan connection and describe 
even more general Lie group excitations. One way is to consider excitations in the affine space 
of connections, using a superconnection consisting of a spacetime 1 -form plus a 1 -form on the 
space of connections. This is the geometric framework of topological quantum held theory 
and the BRST formulation of quantum gauge held theory, in which BRST ghosts are anti¬ 
commuting (fermionic) helds valued in the same Lie algebra as the connection. This approach, 
which is well-established, has been explored in earlier work, and here we will propose something 
more unusual. A different way to describe extended Lie group deformations is similar, but 
more natural and direct: we simply consider the extended generalized Cartan connection, 

G{x) = C + T (13.1) 

to be a Lie algebra valued 1-form on the deforming Lie group manifold, consisting of spacetime 
and non-spacetime 1 -forms, valued in complementary parts of Lie(G), evaluated at points, x, 
of embedded spacetime, M. This decomposes into a generalized Cartan connection spacetime 
1 -form (11.3), C, plus the non-spacetime 1 -form, \L, which can be treated as an anti-commuting 
(fermionic, Grassmann) held, \L, over spacetime. (To describe BRST ghosts, we could allow 
both C and T to be valued in all of Lie(g), and not just in complementary parts.) 

The underdot in T indicates vertical 1-form components, orthogonal to spacetime. We 
have not yet specified the precise directions of the non-spacetime 1 -form, T, within G, corre¬ 
sponding to T. A reasonable choice is that the fermionic 1-form directions, , are Maurer- 
Cartan form components, dual to the fermionic generator vectors, £ x(x ), so that $\- 5 hi 
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4/ = £ A *I'x i Ty is diagonal. This implies that we can write T using super-components multi¬ 
plying Lie algebra generators or using components multiplying superalgebra generators, 

? = ? X Qx = e*Y X Qx = (?* X &yQx = * X Qx (13.2) 

In this expression, the superalgebra generators, Qx = f X Qx (no sum), act in the Lie bracket 
as 

[Qx, Qy] = i X i Y (cxy a Ta + cxy z Qz) = cxy a Ta + cxy z Qz = [Qy, Qx] 

implying that the Lie bracket of these elements naturally produces a Lie super-bracket, in 
which cxy A = <?yx A and cxy Z are the superstructure constants. Over spacetime, the super¬ 
connection corresponding to the extended generalized Cartan connection is 

G(x) = C + y (13.3) 

This super connection, consisting of (bosonic) 1-fornr, C, and anti-connnuting (fermionic) 
parts, T, describes excitations beyond what is described by a generalized Cartan connec¬ 
tion. This kind of deforming Lie group, G, described by a superconnection, has also been 
called a “soft group manifold” [19], in the spirit of Salvador Dali’s Soft Self-Portrait , and an 
“almost Lie group” [20]. 

Similarly to (11.4), the extended generalized Ehresmann-Cartan connection form of an 
excited Lie group is 

G(w,x,y) = r~(w)h~(y)G{x)h(y)r(w) + r~(w)h~(y) dh(y)r(w) (13-4) 

with the extended generalized Cartan connection (13.1), G(x), evaluated at embedded space- 
time points. This connection form is well-defined locally near embedded spacetime points, 
and possibly globally, depending on topology. The extended generalized Ehresmann-Cartan 
curvature is 

E(w,x,y) = dQ + G G = r~(w)h~ (y)F(x)h(y)r(w) (13.5) 

in which the extended generalized Cartan ciLrvatiLre, evaluated at spacetime points embedded 
in G, is 

F(x) = d G(x) + 1 [G, G\ = ( dc + CC) + (dT + [C, T[) + (Tf) (13.6) 

This curvature, a 2-form on the deforming Lie group, corresponds to the supercurvature, 

F(x) = dQ(x) + \[G, G] = ( dG + CC) + (d? + [C, ¥]) + (?¥) (13.7) 

of the superconnection (13.3) over spacetime, M. The mixed fermionic and 1-form part of 
this super curvature is the covariant derivative, 

D'F = d’L + [C, T] 

in which the fermionic part of the superconnection, T, necessarily anticommutes with the 
spacetime 1-form, C. 


- 29 - 


The extended generalized Ehresmann-Cartan connection form (13.4) can be used in the 
usual way to create a Hodge star operator in the deforming Lie group. Using this Hodge star, 

Q 

*, the most natural action for the superconnection integrated over the entire deforming Lie 
group is an extended generalized Yang-Mills action, 

S = \t_ = i f d?z g ac g bd n AB F A F B (13.8) 

using the Killing form, n AB , the extended generalized Ehresmann-Cartan curvature, Tb and 
the deforming Lie group’s metric, g ab (z), from the components of G, as in (2.6). If the Lie 
group, G, has subgroups H C G' C G, and deforms as described by its extended generalized 
Ehresmann-Cartan connection form (13.4), while maintaining the integrity of G/G' and H, 
then the extended generalized Ehresmann-Cartan curvature is covariant (13.5) and the in¬ 
tegrand of (13.8) depends only on x, the position on an embedded spacetime manifold, M , 
modeled on G'/H. If that is the case, the action separates (11.2) and integrates to 


S = V G/G 'V H \[ d™xg ac (x)g bd (x)n AB (x ) F B d (x ) (13.9) 

JM 

in which the non-spacetime components of the curvature now do not necessarily vanish. 

We can use the deforming Lie group metric, g ab , along the fermionic directions, g xy , and 
along spacetime directions, g lJ , to define the super-Hodge star , 4 [21], and write this action as 

S = \ [ (F(x),*F) (13.10) 

" Jm 

in which F is the supercurvature (13.7) and the volumes have been combined into V = 
Vq/g' Vh- Separating the supercurvature into its components (13.7), the action is 


S =f j | (F(x),*F) + (DV(x),*DV) + (T^,*TT)} (13.11) 

The resulting action for the fermionic part of the superconnection is second order in derivatives, 
not first order as in Dirac’s action. Also, the last term in (13.11) does not necessarily vanish, 
possibly giving four-fermion interactions. In components, the second-order fermion action is 


Sv,/ = y / (D¥(x),*DV) 

Jm 

= V 2 f d^x{D^ A )9 ij n AB {D^ B ) 
Jm 

= \\ A(A*)(M) 

Jm 


(13.12) 


in which D^ A = di^ A + [C'j,T]' 4 is the covariant derivative, the metric, g xy , along the 
fermionic directions has been used to define the fermion conjugate, T, such that, for example, 
ab is a c-number, and the Lie algebra Killing form, n AB , has been used to define the spinor 
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conjugate, \L. Although a second-order action for fermions is unusual, it is not incompatible 
with known physics, and the Standard Model can indeed be formulated with a second-order 
fermion action [22], Even though the fields, T, in our action are essentially fermionic Klein- 
Gordon fields, they do transform under the spin connection, uj, in C as spinors if they are 
valued in the spinorial part of a Lie algebra. Although it appears purely kinetic, our second- 
order fermion action (13.12) includes an interaction with the frame-Higgs, §(f>, in C that can 
give the fermions mass. If we assume a vacuum expectation value of the Higgs, (f >o = ^ 74 , 
and that T is spinorial, then mass arises from 

(A^)(M) ~ (VC^CTV) ~ (Veit o)(e>o^) = Vei^'T^^V = a 2 VV (13.13) 

with all fermions in T having a bare mass of a. 

14 Polynomial action 

In some approaches to quantum gravity it is desirable to formulate the theory with a polyno¬ 
mial action. If we wish to obtain our generalized Yang-Mills action (13.8) from a polynomial 
action, we can introduce two auxiliary variables, B and 4>, and begin with the action [ 6 ] 

S = J-{ (& F) + 1 {B, VB) + | {B, ^B) } (14.1) 

In this modified BF action, integrated over our n-dimensional deforming Lie group, the aux¬ 
iliary variable B{z) is a Lie(G ) valued (n — 2 )-form, and 4> is a linear operator taking Lie{G) 
valued (n — 2)-forms to Lie[G) valued 2-forms, and vice versa. Varying the action (14.1), 
the resulting equations are solved when 4> = * is the Hodge star operator, and B = 
reproducing the equations of motion from our Yang-Mills action (13.8). 

15 Regional fermions 

In a large Lie group, such as F 4 or Eg, having several regions, with a superposed Cartan 
connection ( 12 . 1 ) that includes triality-related regional spin connections and frames, physical 
fermions in those regions can be described by Grassmann fields that are spinors with respect to 
the corresponding regional spin connection. Specifically, for a Spin{ 4,4) (or similar) subgroup 
of the large group, regional fermion generators in the 8 -dimensional positive spinorial, negative 
spinorial, and vector representation spaces can be related by triality: 

4/, = 4f Q x V n = VlQ~ = V*TQ X = ^ U V X = V* U T 2 Q X 

Together with the 28 generators of spin{ 4,4), these 24 fermionic generators (and their Lie 
brackets) constitute the Lie algebra of the 52-dimensional split real exceptional Lie group 
1 * 4 ( 4 ). With no intersection among the regional fermionic generators, the Lie(F^\) valued 
superconnection can be written as 

G{x) = G,,i.m + Ti + 'L [, + Tm (15.1) 
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and the extended generalized Yang-Mills action (13.8) integrated over the entire deforming 
Lie group, -F 4 ( 4 ), becomes 

S = %[ {£(x),*F) + ^[ (M : (s), *£),¥:) + ^[ {D u V u {x),*D u V n ) 

JM " JM JM 

+ ^ 2 ~ / (-£^in^ r ni( a: )) *^?iii'? / iii) + ^2 / (^I,II,Ill'll,II,III; *'?I,II,iii^i,II,III) 

JM JM 

The hrst term involves the curvature of the superposed Cartan connection (12.1), and reduces 
to a single integral over spacetime. The other terms, functionals of three triality-related sets 
of fermions, can be converted by triality automorphism to integrals involving three sets of 
fermions, 

Ti = V*Q X = T, T 2 = = T 2 T„ T 3 = V$Q X = T* m 

each now using the same set of positive chiral spinor generators as the hrst. With this con¬ 
version, and because the Killing form is invariant under triality, the action becomes 

S = V 2 [ {F{x),*F)+&[ (L> 1 'L 1 (x),YP 1 * 1 ) + ^/’ (D 2 V 2 {x),*D 2 y 2 ) 

JM JM JM 

+ yr /' (D 3 ^ 3 (x),jcD 3 ^ 3 ) + ^-f (^ 1 , 2 , 3 ^ 1 , 2 , 3 ,*¥ 1 , 2 , 3 ^ 1 , 2 , 3 ) (15.2) 

JM JM 

in which the triality-transformed derivatives are, for example, D 2 ^ 2 = 2 + [C? 2 , ^ 2 ], and 

the inter-generational Hodge, *, accounts for the triality relationship between ^ 1 , 2 , 3 - Each 
fermion action term includes an interaction with the frame-Higgs in that region, as in (13.13), 
generating equal masses for those fermions, 

W' {D 2 y 2 (x),*D 2 V 2 ) = f/<f^(D»* 2 )(£>$¥ 2 ) ~ f/A(a 2 ) 2 * ; 2*2 (15.3) 

JM " JM JM 

16 Connections to physics 

The geometric framework of extended generalized Cartan geometry is sufficient to describe 
the structure and dynamics of gravitation and the Standard Model. The one held needed to 
describe this geometry is a superconnection valued in a large Lie algebra. To describe known 
physics the Lie algebra must include the structure of 

spin( 1, 3) + frame <g ) Higgs + su{2)l + srt(l)y + su( 3) (16-1) 

acting on three fermion generations of 32 complex or 64 real spinor degrees of freedom each 
(or 60 if neutrinos are Majorana). 

It has been established that the algebraic structure of gravity and the Standard Model 
(16.1), with one generation of fermions, embeds in spin( 11, 3) acting on a real chiral 64 spinor 
representation space [7, 9]. However, to recover de Sitter spacetime, we require a Higgs 
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direction with a spacelike signature, so we must use at least spin( 11,4). But spin(ll,4) does 
not have a suitable spinor representation, so we must turn to spin( 12,4), which does have 
a 128-dimensional real chiral representation space that can accommodate one generation of 
fermions, as well as their mirrors. In this way it is possible to construct a non-simple Lie 
algebra accommodating the standard model with at least one generation [23]. Even though 
this straightforward construction is possible, and can be extended to describe three generations 
of fermions, the appearance of mirror fermions is problematic and the model is not significantly 
simpler than the Standard Model it seeks to describe; also, the insertion of Yukawa coupling 
matrices between the Higgs and the generations, necessary to match known physics, needs to 
be put in by hand. Fortunately there is a superior possibility. 

The algebra spin( 12,4) known to contain the algebra of gravity and the Standard 

Model with at least one generation of fermions, matches the Lie algebra of the largest simple 
quaternionic exceptional Lie group, £’§(- 24 ) [9]. As well as the spin( 12,4)+S'^ 8 decomposition, 
there is another decomposition of the Eg(_ 2 4 ) Lie algebra, 

i? 8 (- 24 ) = spin{ 4,4) + spin( 8) + <Sg" <g> + S% <g> S$ + Vs <8> Vs 

with three blocks of generators related by triality. These three blocks, spanned by 64 genera¬ 
tors each, accommodate the three generations of Standard Model fermions. 

To match the Standard Model, we must presume that each generation of fermions is only 
accessible from one of three triality-related regions of Eg] only then do each of these regional 
fermion generations correctly match known fermion properties. Each generation will transform 
under a different triality-related regional spin connection, frame-Higgs, and set of gauge fields, 
consistent with the action (15.2) over the entire deforming Lie group. Because the different 
regional fermion generations transform under different spin( 1,3) Lorentz subalgebras of Eg, 
but with equal spin connection coefficients, all three generations of chiral fermions transform 
correctly, with no mirror fermions. Also, because the vacuum Higgs field may be different in 
each region, each generation of fermions may have a different bare mass. 

The entire algebra of gravitational and standard model bosons (16.1) cannot embed in 
spin( 4,4)+spm(8); however, we may embed all but the weak part of the algebra, implying that 
fermion weak eigenstates must be different than massive fermion eigenstates. More precisely, 
the su(2)i cannot fit in spin( 4,4) + spin( 8) with the rest of (16.1), but must have at least 
two degrees of freedom, W + and W~, in Vs ® Vs, which will relate to others in (g) Sg~ and 
Sg (g> Sg regions by triality. This fact has important consequences. Presuming that the weak 
bosons take the place of triality-related sterile neutrinos, the existing physical neutrinos must 
be Majorana. Also, the triality-related massive fermion states will not be weak eigenstates. 
The weak bosons will interact with mixed massive eigenstates, consistent with the CKM and 
PMNS matrices needed to rotate between mass and weak eigenstates. With all fields related 
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by triality, as in (12.1) and (15.1), the Eg superconnection is 


G(x) = 7}Vi,n ,111 + E ul ,111 + Wi,„ ,111 + B liU ,111 + X ItI1 ,111 + g 

+ (v'eL + e L + e L + uf + uf + df + df) 

+ + g L + fi L + cf + cf + 8? b + af) 

+ (yrL +TL+TL+ ff + if + bf + bf ) 

with regional fermion generators related by triality; for example, 

e L = H'L = gi,TQ x tl = t^T Q x 

The triality-related boson generators in the three regions act on the corresponding fermions 

in agreement with their familiar Standard Model spins and charges. With all known particles 

matched to algebraic elements of Eg, there is one new gauge boson (and its anti-particle) 

remaining, with electric charge ±| and weak charge =t|, having three colors. If this X boson 

exists, it could bind with two up quarks in a massive, electrically neutral, spin one composite 

particle. This new X boson is one of the 50(10) X bosons, and would allow proton decay 

4 _ 

via the channel uud —> uuX 3 e —> uu e. 
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Figure 1 . The .Eg root system, with three generations of particles related by triality. These particle 
states are meant to be suggestive rather than definitive. The detailed assignments of elementary 
particle states to Eg roots, views of other rotations, and other unification models, are available at the 
Elementary Particle Explorer: http://deferentialgeometry.org/epe/ 
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17 Summary 

We propose that our universe is an excited Lie group, described by a superconnection valued 
in a large Lie algebra, with regional fermion generations related by triality automorphisms, 
and dynamics governed by a generalized Yang-Mills action. 

The local geometry of an unexcited Lie group, G is described by its natural Maurer- 
Cartan form (2.3), 

e = g-dg = £ A T A (17.1) 

understood as both a connection and frame, which, along with the Lie algebra’s Killing form 
(2.5), determines a metric on the Lie group manifold. For the G' = Spin( 1,4) Lie group, a 
four-dimensional subgroup, S C G 1 , can be chosen such that its Maurer-Cartan form is 

0 s = |w s + E s u s = —ds n ae at 'yo 7T E s = e s (j) s e s = <#7o + ds n e at 'y n (f> s = 4> 974 = §74 

with w s and e s the spin connection (5.2) and gravitational frame (5.1) for de Sitter spacetime, 
and 4> 0 = § a Higgs vev, with expansion parameter a. This de Sitter subgroup, S , is also a 
coset representative of G'/H, with H = Spin{ 1,3) a chosen Lorentz subgroup of Spin( 1,4). 
Deformations of G' maintaining the structure of the gauge group, H, are described by allowing 
this Maurer-Cartan form, 0 s , to vary, becoming a Cartan connection (8.5), 

C (x) = 7}(p + erf) s (17.2) 

valued in Lie(G') = spin( 1,4), on an arbitrary four-dimensional spacetime, M, modeled on 
S, with nontrivial curvature. The Maurer-Cartan form (17.1), 0, over G' varies accordingly 
and becomes the Ehresmann-Cartan connection form (8.6), C, over the deforming Lie group 
manifold, G'. The Cartan connection (17.2) is the pullback of C onto embedded spacetime, 
M. representing a sheaf of gauge-related spacetimes embedded in G'. 

For a larger Lie group, G, containing G' as a subgroup, some excitations of G may be 
described by a Lie(G) valued generalized Cartan connection (11.3), 

C(x) = TjW + E + A 

defined on four-dimensional spacetime, M, embedded in G , modeled on S embedded in G. 
More general excitations of G are described by a new kind of superconnection (13.3), 

G(x) = C + T T(x) = V X Q X = ^ X Q X Q x = £ X Q X (no sum) 

with C and T valued in complementary parts of Lie(G), and the fermionic part (13.2), \L, 
understood as a held of 1-forms in G defined on and orthogonal to embedded spacetime, M, 
with super-generators, Q x , defined using vertical components, of the Maurer-Cartan 

form (17.1). 

Different, possibly intersecting Lie group regions may be related by a finite group, F, of 
Lie group automorphisms. Regions can be covered by Lorentz and gauge transformations of 
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spacetimes embedded in each region. For a Lie group such as £^(- 24 )) having a Spin(l,4) (or 
similar) subgroup and supporting triality automorphisms, excitations may be described by a 
superposed superconnection (15.1), 

G(x) = C + \F = Ci + Cu + Cm + 'Ll + 'Ll, + 'Flu (17.3) 

with regional bosons, Ci,u,iu, and fermions, \F IiIIiin , having generators related by triality, 

A = V*Q X T n = ^TQ X T m = ^T 2 Q x 

These regional fermions transform as spinors under different Spin( 1, 3) subgroups, correspond¬ 
ing to different embedded spacetimes, with regional spin connections, Wi,n, m , related by triality. 
Physical spacetime is a superposition of spacetimes in these three triality-related regions. 

The motion of an excited Lie group is described by an extended generalized Yang-Mills 
action (13.8) integrated over the entire deforming Lie group manifold, G, which reduces via 
symmetry to an action over spacetime (13.10), 

S=\L (?(*),&) = \ (17.4) 

J G J Ad 

in which the supercurvature (13.7), is 

F(x) = d G(x) + 1 [G, G] = (dC + GG) + (d'F + [C, T]) + ('FT) = F + -P’F + TT 

with the curvature of the generalized Cartan connection (11.6) equal to 

F = dC + GG = {\U + EE) +DE +Fa 

and the super-Hodge star, *, naturally derived from the Killing form and the frame part, E. of 
C, producing fermion conjugation. Using this supercurvature, and the triality-related fermion 
generations (17.3), the action (17.4) becomes (15.2), 

q _ V 
O — 2 

= \j {(#,*££) + (££,*££) + 1(S,*5) + (££,*££) + (Fa,*Fa)} 

3 r _ 

+ E f / d ~ x (A“^ Q )(£ m T Q ) + 0(\F 4 ) 

a=l 

This action, obtained purely from a generalized Yang-Mills functional, matches the action 
of gravity and the three-generation Standard Model, with a few irregularities: The usual 
gravitational action is amended by a Kretschmann scalar term, Q. * Q. Also, the fermion 
action is second-order in derivatives, and possibly includes a four fermion interaction term. 
And, in this model, the fermions of each generation naturally interact with the Higgs vev and 
obtain identical bare masses. 

When all fields and particles of General Relativity and the Standard Model, including 
three generations of fermions, are described in this manner as excitations of the largest simple 
quaternionic Lie group, £s(- 24 ) > having 248 dimensions, there is one new, colored gauge boson 
and its anti-particle remaining, X, with electric charge ±|. 


j | (F(x),*F) + (£T(x),*£»T) + ('F'F,*'F'F) j 


- 37 - 


18 Discussion 


In this work we have attempted to elucidate a minimal geometric model, Lie Group Cosmology 
(LGC), capable of describing all known particles, fields, and dynamics of General Relativity 
and the Standard Model as excitations of a single Lie group governed by an extended Yang- 
Mills action. Our spacetime’s vacuum state is represented as a four-dimensional de Sitter 
subgroup of the Lie group, with geometry described by the Lie group’s natural Maurer-Cartan 
connection. When this Lie group is excited, or deforms, this natural connection varies away 
from its state of zero curvature, becoming a new kind of Cartan connection. One part of this 
new, Lie algebra valued connection includes four spacetime basis generators, providing the 
gravitational frame for the embedded spacetime. Another part of the new connection is the 
spin connection for this frame, while other parts include gauge and scalar fields over spacetime. 
This new connection is further generalized to a natural superconnection, having components 
that are 1-forms orthogonal to embedded spacetime, which can describe physical fermions. In 
addition to Lorentz and conventional gauge transformations, other automorphisms, such as 
triality, can relate spacetimes in different regions of the deforming Lie group. With fermions 
described as spinors on spacetimes embedded in different, triality-related regions, there are 
naturally three generations of massive, chiral fermions. An extended Yang-Mills action for 
the superconnection, integrated over the entire deforming Lie group manifold, reduces to a 
Yang-Mills action for bosons and a second-order action for the regional fermions. When 
gravitational and Standard Model fields, with three generations of fermions, are matched in 
this way to the 248-dimensional exceptional Lie group, E%, there is a new X boson predicted. 

Lie Group Cosmology is a general, minimal, natural geometric framework, capable of 
describing gravity, the Standard Model, and some structures beyond the Standard Model. 
Although LGC could stand on its own as a theoretical framework, it solves several problems 
and mysteries raised in “An Exceptionally Simple Theory of Everything” [8], using a more 
natural structure. With a single deforming Lie group, rather than a principal bundle, as the 
fundamental structure, described by a new kind of Cartan superconnection, many issues are 
resolved in a succinct geometric model. The spacetime frame is not mysteriously selected 
from among Lie group generators, but comes from the generators along spacetime embedded 
in the deforming Lie group, and the deforming Lie group’s Hodge star reduces to the space¬ 
time Hodge. In this theory, physical fermions are understood naturally as excitations of the 
superconnection orthogonal to spacetime. With three sheaves of spacetime embedded in dif¬ 
ferent regions, there are three sets of regional chiral fermions, with correct quantum numbers, 
corresponding to three generations of Standard Model fermions, and no mirror fermions. Also, 
the LGC action is succinct: an extended Yang-Mills action governing Lie group excitations 
described by the superconnection, capable of prescribing the dynamics and interactions of 
gravity and the Standard Model. 

Although it is surprising that a model as simple as LGC works as well as it does, there are 
several irregularities and problems. Most importantly, the precise mechanism by which the 
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CKM and PMNS matrices, and particle masses, emerge from the theory is not yet clear. For 
this reason, LGC and its correct application to the Standard Model, via E8 Theory, cannot yet 
be considered complete. It may be possible that some choice of split, quaternionic, or complex 
form of Fig, along with the correct LGC model and a more complex triality automorphism, 
will lead to a complete picture—but that awaits further work. Also, the LGC action, resulting 
in an unusual action for fermions and an extra gravitational term, may prove untenable. In 
addition, in unified theories, new particles predicted might not be consistent with observation. 
There are also conceptual issues with LGC. “Symmetry keeping” is central to the theory, but 
there is no explanation as to why some specific symmetries would be preserved and not others. 
There is no good reason why only four-dimensional subspaces of the original Lie group, or 
their related copies in different regions, would deform. One philosophical justification could 
be that the geometry and topology of four-dimensional manifolds is maximally rich [24], and 
that the representations of the Eg Lie group are the most numerous, but this is not completely 
satisfying. Also, there is no good reason, other than the spin-statistics requirement, why the 
bosonic and fermionic parts of the superconnection must be valued in complementary parts 
of the Lie algebra. It is possible that this restriction could be relaxed, allowing the existence 
of BRST ghosts or other particles, or that there may be a natural reason for the restriction 
that is not yet clear. A better understanding is needed. Also, in brazenly attempting to 
advance our understanding of fundamental physics, it is likely we have made mistakes. It is 
possible that mistakes have been made in the mathematical formulation of the theory, or in its 
application to describing our world. Whenever new territory is explored, there are missteps, 
and we can only hope these mistakes can be corrected with further knowledge. 

Despite its deficiencies, LGC does provide an unusually successful model for fundamental 
physics. It also motivates several highly speculative areas of investigation. Since excitations of 
a noncompact Lie group play the dominant role in the theory, progress might be made by fur¬ 
thering Harish-Chandra’s program of harmonic analysis and representation theory, extending 
parallels between the Peter-Weyl theorem, representation theory, and Quantum Field Theory, 
for noncompact Lie groups. Also, on a purely philosophical level, the question arises of whether 
there could be any importance to the identity element. The minimal fundamental structure 
in LGC is a deforming torsor, but the theory works just as well with a deforming Lie group, 
including a distinguished identity element. This motivates the crazy idea that the group iden¬ 
tity element could play the role, philosophically, of the ontological identity—physically, the 
existence of the observer at a distinguished “present” spatial position and temporal moment in 
spacetime. This highly speculative idea might lead to new insights on the quantum measure¬ 
ment problem. Also, more conservatively, since the fundamental field in LGC is a connection, 
the theory is compatible with some Loop Quantum Gravity approaches to quantization. Lie 
Group Cosmology also suggests that our universe is fundamentally de Sitter— infinite in spa¬ 
tial and both temporal directions. Physically, this means our universe existed forever, before 
the big bang, and has been forever cooling and accelerating in its expansion, and will continue 
this expansion, approaching perfect emptiness and symmetry. 


- 39 - 


The geometric picture of Lie group unification is concise. The vacuum state of the total 
space of physics, consisting of base spacetime and fields valued in various fibers, is a single 
Lie group manifold with its natural connection. Deformations of this Lie group and its de 
Sitter submanifolds, described by variations of the connection away from zero curvature, 
correspond to excitations of fields away from this vacuum state. Spacetime is the part of 
the Lie group that is deforming, while fibers are subspaces maintaining their structure. The 
1 -fornr, scalar, and fermionic parts of the superconnection are physical fields over deforming 
four-dimensional spacetime, with dynamics governed by an extended Yang-Mills action. In 
this way, we find ourselves in an approximately de Sitter spacetime alive with excitations, 
described by variations of Lie algebra valued fields. The existence of our universe, including 
the structure of spacetime and all fields, may be understood as deformations of a single Lie 
group. The reason we see Lie groups and their representations everywhere we look is because 
we are inside a deforming Lie group, looking out. 
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